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ABSTRACT functionality structures in different organisms as well as to predict

New graph structures where node labels are members oP@hways[2] in newly sequenced organisms, and categorize
hierarchically organized ontologies or taxonomies have becoméXisting pathways into groujs].

commonplace in different domains, e.g., léeiences. It is a A major implication of the taxonomguperimposed graph model
challenging task to mine for frequent patterns in this new graphis that, now, we are interested in discovering frequent graph
model which we call taxonomguperimposed graphs, as there may structures which do not necessarily appear explicitly in a graph
be many  patterns that are implied by the database,but can be discovered only when employing the
generalization/specialization hierarchy of the associated node labdiierarchical relationships defined in the associated taxonomy. In
taxonomy. Hence, standard graph mining techniques are nosuch a model, the traditional genepairpose graph mining
directly applicable. algorithms are not directly applicable to mine implicitly occurring

In this paper, we present Taxogram, a taxonsoperimposed  Pattemns. We giean example.

graph mining algorithm that can efficiently discover frequent Example 1.1. Consi der a sample fdApathway
graph structures in a databaseafonomysuperimposed graphs.  database irFigure 1.2 where node labels are from a subgraph of
Taxogram has two advantages: (i) It performs a subgraphGene Ontolog{GO)shown inFigurel.1l. Assume that we would
isomorphism test once per class of patterns which are structurallylike to mine pathway annotation patterns that appear in all graphs
isomorphic, but have different labels, and (ii) it reconciles in the database.Traditional generapurpose graph mining

standard graph mining methods with taxornebased graph algorithms donot return any pattesnas there are no graph

mining and takes advantage of wsllidied methods in the patterns that explicitly appear Pathwayl andPathway?2 at the

literature. Taxogram has three stages: (a) relabeling nodes in thgame time. However, taking advantage of the associated GO

input database, (b) mining pattern classes/families andtaxonomy in Figure 1.1, and using the generalization
constructing associated occurrence indices, and (c) corgputin specialization relationships between functionality concepts, it is
patterns and eliminating useless (i.e., eyeneralized) patterns  possible to discover the impliitoccurringpatterrs of P1and P2

by postprocessing occurrence indices. Experimental results showin Figure 1.3
that Taxogram is significantly more efficient and more scalable

compared to other alternative approaches
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1. INTRODUCTION Transporter, " \Ocmawuc
O
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Graph databases are prevalent in various fidld49 to represent g
and query complex relationships between objects. Mining 7 b é Helicase
frequent structures ingraph databases has recently drawn O
considerable research attentidh [, 10, 11, 20, 22]. Traditional Cation  Protein DNA
generalpurpose graph mining approaches haveused on Transp  Carier () - e
extracting frequent graph structures that explicitly appear in a i
graph de?tabage. Regen‘tjly, in various fields, new graph structures Figure 1.1: A subgraph of GO
have emerged, where vertex labels are members of a taxonomy Cation O DNA Protein O )
defined byig-a or part-of relationships between a set of labels in a TranSpO Helicase  Carrier Q Helcase
hierarchical manner. In this paper, we refer to this type of graphs ‘\Cj/ ] ‘\Cj/DNA
as taxonomysuperimposed graphs#As one example, biological Helicase Helicase
pathways are graphs of interacting proteins, and proteins are Pathway 1 Pathway 2

usually annotated withfunctionality concepts from Gene

=0 ce Figure 1.2: A Pathway Annotation Graph Database
Ontology [4], which is a taxonomy containing around 20,000

concepts organized in a hierarchical manner. In such an Transporter Helicase Transporter _
environment, mining for frequent pathway annotation structures O O Catalytic

across organisms is important to understand common pathway / \(D/ Activity
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superimposed graph mining in comparison with traditional graph



mining. First, the number of patterns that can be extracted using ancrease in the total mber of subgraph isomorphism tests during
taxoromy of labels is enormous as any node in a pattern P can besupport computation. We give an example.

replaced by any of its ancestors in the associated taxonomy toExampIe 1.2. Figure 1.4 shows a smaltiatabase D= {G1, G2
creat.e agenerqllzedpattern of P. Thys, efflc!ently enumerating . G3} to be mined for frequent graph structures, where vertex labels
pos&bleT candidates and calculating their support values iSare from the sample taxonomy Bigure 2.1. Figure 1.5 shows
phallengng. Second, not all extracteql patt.erns are useful. For two nonovergeneralized graph patterns in D along with their
mstance, _th_e patternZFI_s oyer—gt_enerahzedywth respect to B, support valuesPattern P1.1 appears in all three graphs in D and
since (a) it is a generalization (i.e., a gereed pattern) of P1,  a¢" gimplicit occurrences (1.1, 2.1, 2.2, 3.1) which are marked
gnd b(b) PlHappearsﬁl_n_ aIII thz graphs thaé le_ appears in &yt gashed borders on the graph accompanied with occurrence
ata a'ls_e.d ence, € |cr|]enty Ztef]t'rlllg and eliminatogr numbers in the form ofg¢aph# .occurrence#) Note that two of
generalized patterns is the second challenge. these occurrense(1.1, 2.1) are also shared by the pattern P1.2.

Traditional graph mining has two major steps: (i) enumerating However, in a levelvise bottoraup approach, since the patterns
candidates, and (i) computing the occurrence count upor) are processed independently, in the support counting stage, 6
of each candidate in the database. Support computation consumegeneralized subgrapisomorphism test¢namely, between P1.1

the majority of the processing tinj&9], mostly due to the fact and each of its oegrences labeled with 1.1, 2.1, 2.2, 3.1, and
that this Step involves So|ving an NRrd p|'()b|ernl name|y, the between P1.2 and each of its occurrences labeled with 1.1 and 21)

subgraph isomorphism test. Taxonosyperimposed graph are performed although 4 would be sufficient (as 2 of the

mining involves generalized subgraph isomorphism tegtich occurrencesnamely, 1.1 and 2.hre shared among the patterns).
extends the traditional subgraph isomorphism: giten graphs ~ Hence, taking advaage of shared occurrences does provide
G, and G to be tested for isomorphism, a node invith labell performance gains for taxonorsyperimposed graph mining.

may match to any node o, @&beled by either or any ancestor of

I, as defined in the associated taxonotgan easilybe shown by
reduction that the generalized subgraph sgrhism problem is

at least as hard as the subgraph isomorphism problem.
Furthermore, pattern generalization and specialization based on a
taxonomy make things worse computationally.

Many successful techniques have been developed for general o ;32
G3

purpose graphmining. A desirable solution to taxonomy

superimposed graph mining should take advantage of the existing Figure 1.4: A graph database D
candidate enumeration technigues, and -gegreralized patterns

should be eliminated with low computational effort. @ @

An obvious approach to the protriewhich we call thébaseline

approach is to directly use the existing genepairpose graph

mining techniques by replacing the traditional subgraph

isomorphism test with the generalized subgraph isomorphism test. Pattem P11  Pattem PL.2

In this baseline approach, first, all gige patterns are computed, Support: 1 Support: 2/3

and then ovegeneralized patterns are eliminated via a {post ) ) )
processing step. The downside of this approach is that, during the Figure 1.5: Size2 patterns in D

mining procedure, considerable amount of processing time is|n this paper, w propose and evaluate the Taxogram algorithm, a
spent for computing the support value$ overgeneralized top-down support computation approach, which (i) takes
patterns that are then not included in the final pattern set. advantage of the existing efficient techniques developed for

Alternatively, a possibléottomup approachwould be to detect ~ 9eneralpurpose graph mining, and (ii) aims to perform the
and eliminate ovegeneralized patterns at early stages of subgraph |somor_ph|sm test on each oc_currence_ofapatternPonly
candidate generation so that such patterns wouwd e once, and contribute theesult of that isomorphism test to the
propagated to later iterations as seeds to generate larger patterflPport computation of not only P, but also all generalized
[9]. A major drawback of this approach is that, for a pattern and Patterns of P. The Taxogram algorithm consists of three stages. In
for each one of its generalized patterns that is not-over the first step, vertices in the input graph database are relabeled
generaized, the support computation is performed independently with the most generahaestor of their label in the assomate_d_label
resulting in hightime complexity. More specifically, since a t@xonomy. The second step extends gergughose graph mining
pattern P and its generalized versions share common occurrencedPProaches with taxonoryr oj ect ed foccurrence
in a graph database, the same occurrence of P is counted mor@e_rforms traditional graph mining on the relabeled database to
than once.And, each counting involves a separate subgraph Mine classes of pattes. Finally, in the last step, new members are
isomorphism test. In fact, for a pattern P witmodes, and a enumerated for each pattern class, and their support values are
taxonomy T, the same occurrence of P in a taxomomy Computed using the occurrence indices.

superimposed graph is counted as many times as the number a€ontributions of this paper are as follows:

generalized patterns of P, which isdQ( whered is the average . o ) .

number of ancestors for the vertex labels of P in taxonomy T. 1 The traditional graph mining is reconciled witixonomy

Even though the bottorap approach is more efficient than the superimposed graph mining via relabeling the input database,

baseline approacfg], it eventually suffers from the enormous and mining for pattern classes using the existing approaches,
before directly mining for actual patterns.



9 Taxonomyprojected pattern occurrence indices are
developed to capture the shéreccurrences of patterns so

rather than per occurrenpattern pair, and the result of the
isomorphism test is shared by multiple patterns.

1 An efficient specialized pattern enumeration algorithsn i
developed by taking advantage of hierarchically organized
occurrence indices.

1 Overgeneralized patterns are eliminated without requiring

Remark 2.1 <IS_GEN_ISO> (a) is not commutative,(b)

transitive and (b)does not distribute ove}, but it does ovesE
that a single isomorphism test is performed per occurrencep o ¢ @Generalized Subgraph

Isomorphismiziven labeled

graphs G(Vs, Es, Lg, k) and G(V, E, L) over taxonomy T, G is
generalized subgraph isomorpttie Gs if there exists a subgraph
Gs' of Ggsuch that @S_GEN_ISGGS'.

Example 2.3. In Figure 2.2, Gg is generalized subgraph
isomorphic toGa.

expensive pairwise subgraph isomorphism tests among theRemark 2.2 Generalized subgraph isomorphism (&) not

extracted patterns.

commutative(b) transitive and (c)does not distribute ove, but

1 The proposed approach is experimentally evaluated in termsj; qoes overE

of its performance for different datasets.

This paper is organized as follows. In Sect@nwe formally
define the taxonomguperimposed graph mining problem, and
list its properties. In SectiorB, we present the Taxogram
algorithm, and its efficiency enhancements. Sectlodiscusss
the experimental sep and results. Sectidhgives an overview of
therelated work, and Sectidghconcludes.

2. PROBLEM DEFINITION

De f @Labeled Graph) A labeled graph G, Es, Lo, &)
consists of a set of edges,&nd aset of vertices ywhere each
vert exis@gssignad aVabel I/1Lg, by a labeling function
16 Vs- Lgsuchthat k={ t( g Yo/ |Va} (i.e., () is total).
Optionally, edges of a graph maisobe labeled, but to keep our
definitions simple, wemit edge labelsn our definitions without
loss of generality

De f @raxonomy) Taxonomy T(Y, E;, Ly, 14) is a labeled

directed acyclic graph where (a) an edge from vertex u to vertex v

represents an ia relationship such that v en ancestor of u, and
u isa descendant of and (b) £4() is oneto-one and onto.

A taxonomy T(M, E;, Ly, py) defines a specializatien
generalization hierarchy for the set of labels. ILet Anc(l)
represent the set of all ancestors,@ndDesc(l)represent the set
of all descendants dfin T. Then, the following properties hold
for ancestofdescendantelationships in T.

1 If uis an ancestor (descendantypndv is an ancestor
(descendant) off thenu is an ancestor (descendantof
(Transitivity)

T "1i Ly, |isan ancestor of itself.

Example 2.1.Figure2.1 depicts a sample taxonomy T, afidure
2.2 lists a set of labetbgraphs.

From now on, the phrase figrap
Lgl Lt. Similarly, the phrase
T0O means that, fgirLteach graph

D e f @eneralized Graph Isomorphismiven labeled graphs
Gy(V1, Ei, Ly, o) and G(V,, E,, Ly, ) over taxonomy T, &is
generalized isomorphito G,, denoted as @S_GEN_ISAG,, if
there exists a on®-one and onto mapping functiahV,- V,
such that (i)' g I Vi, W( 9 )ke(dE g) Mu( ®ANdLd( g9) ) )
and (i)" (g )IgE, d( @ d( | E,. Furthermore, Gis called

a generalizedgraph of G. Conversely, Gis called aspecialized
graph of G.

Example 2.2.In Figure2.2, G¢ is generalized isomorphic 4.
Also note thaGg is not generalized isomorphic B,.
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Figure 2.1: A sample taxonomy T
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Specialized graph of G

Ga: \A@ sup(Gs) =0.75
) Generalized subgraph isomorphic to Gy
Ge: @ E C sup(Gg) = 1
/@ Generalized subgraph of G
Go: Ge<IS_GEN_ISO>G,
¢ @\@ sup(Gp =1
@_)@ /’@ Over-generalized
. . pattern
GD- sup(GD) =71 GE' @
\@ sup(G g) =0.75
Figure 2.2: Somegraphswith their support in DB of Fig. 2.3

D e f (8upport) Given a graph database D over taxonomy T, and
h graph @ in B, teGehSHi®)c-4Gy |yl DTdd Grisegeneralized h a t

fi gsukgnaph isemwphickdaa)s Tden, Dhesuppertof G, deroted asmy

sip(G).im D vgith respect to T isup(G) =|GenSe{G)|/|D|.
Note that the support definition does not count the actual

occurrences of G in graphs of D, but the number of graphs in D
where G occurs at least once.

Example 2.4.In thedatabase D of Figure 2.3 over taxonomy T of
Figure 2.1, the support ofG, in Figure 2.1 is 0.75 (G, is a
generalization of the dartolored subgraphs i8,, G;, andG,).

D e f (Pattern) Given a graph database D over taxonomy T, and
a support threshold, 0< e ¢ 1, a labeled connected graph G is
called apatternif sup(G)in D is at leasg, and G contains at least
one edge.



A pattern together with all of its generalized and specialized Lemma 2.Given a pattern P, and the support set SS(P) of all

graphs as patterns represengmtern class

De f @attern Class)Gi ven a pattern P

graphs G in a database over taxonomywhere P is generalized

o Bamerphic to &5 %nmq;anerﬁli,zed pAgegndP P, SS(PY

pattern clasontains all possible patterns that can be obtained by SS(R).-

relabeling any noda in P with any ancestor or descendanti6fs
label in T.

Example 2.5. Gy and G¢ (Figure 2.2) are in the same pattern
class. SimilarlyGg andGp are in the same pattern class.

D e f (Overgeneralized Pattern)A graph pattern £is anover
generalizedpatternif there exists another patterg 8uch that (i)
PodS_GEN_ISCG®s, (ii) supPo) = supPs), and (iii) Po, Ps.
Example 2.6. In Figure 2.2, graph patterrGg with support 1 is
overgeneralized as there is a mepecializedatternGp with the
same suppomvithin the graph database D Bigure 2.3.

D e f (@axonomySuperimposed Graph Mining Problengiven
(i) a taxonomy T, (ii) a graph database D over T, and (iii)) a
support threshola, the taxonomysuperimposed graph mining
problemis to locate the set H of graph patterns such thét Ral
H, supP) 2 e (b) H does not contain any ovgeneralzed
patterns ihinimaity), and (¢) H contains all neovergeneralized
patterns in D with suppoft e (completenegs

Gy G, /7@
) é‘%?,%@ e

Gy @—)@/,@

\@

Figure 2.3: A Graph Database
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Figure 2.4: Generalized Graph Patterns with Support = 1

Example 2.7. Given thedatabase D ifrigure2.3, let the support
thresholde = 1. Figure 2.4 shows all generalized patterns which
have support 1 in D, minimal (i.e., no oxggneralized patterns),
and complete (i.e., has all nowergeneralizegatterns).
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2.1 Properties of TaxonomySupeimposed Graph
Mining

Therefore, a pattern P is not frequent (se(P) < €) if one of its
generalized patterns is found to be infrequent.

Lemma 3.If P is an overgeneralized patterrthere may exist a
generalized pattern fof P which is not ovegeneralized.

Example 2.8 Consider the pattern Gn Figure 2.2. Gz has a
support of 0.75 in the graph databas&igure2.3, and it is over
generalized as (Figure2.2) is a specialized pattern of:®@vith
the same support. However,e ®as a generalized patternc G
(Figure 2.2) which is not ovegeneralized as its support, 1, is
higher than its specialized patterns.

In other words, downward closure property does not hold on the
axis of generalization/specializatio of patterns. Therefore,
locating an ovegeneralized patterngRs not sufficient to prune
outallofR6s generalized patterns

3. TAXOGRAM ALGORITHM

In this section, we present the details of the Taxogram algorithm.
Given a graph database D over taxonomy T, and a support
thresholde, we propose a threstep mining procedure. First, all
vertex labels in graphs of D are replaced by their most general
ancestors in
also retaining the original labels of vertices). Second, we employ
existing efficient candidate enumeration and support counting
techniques developed for genepairpose graph mining to mine

all frequent graphs in . Third, discovered patternseapost
processed to derive their specialized versions while eliminating
overgeneralized patterns so that the final pattern set is complete
and minimal.

The threestep mining procedure has four features:

i. By relabeling vertices with the most general atmesf their
labels, each class of patterns is collapsed into a single pattern
which is the most general pattern of that class. Hence, the
total number of patterns to be extracted at the initial stage
decreases, which in turn decreases the total number of
database accesses and isomorphism tests.

ii. We employ one of the existing genepairpose graph mining
techniques once at the beginning of second step of the
framework, reducing the number of graph isomorphism tests.

iii. We reuse shared pattern occurrences anmatigrns of the
same class. This reduces the number of costly graph
isomorphism tests further.

iv. Weusetaxonompr oj ected fioccurr-ence

processing stage, to eliminate ogemneralized patterns
without requiring an isomorphism test betmeeach pair of
created patterns, which further reduces the total number of
graph isomorphism tests to be performed.

In this section, we present three properties that are unique to

taxonomysuperimposed graph mining. Proofs amitted for the
lack of space

Lemma 1.Given a pattern P over taxonomy T, let n be the

Next, we discuss each step of the algorithm in detail.
Step1. Relabeling Input Graph Database

In the first step of the Taxogram algorithm, for each vertex label

number of nodes iR. Then, the number of generalized patterns of in the graph database D, the most general andgstbris located
P is O(d) in the worst case, where d is the average number of jn |abel taxonomy T. Next, all vertices labeled wiitire relabeled

ancestors of P6s vertex

I abel sythilhEadh-vertex also internally stores its original ldbtel be

used in later stage¥/e give an example.

from
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Example 3.1. Consider the graph database Drigure1.4. After Occurrence indexes are shown in dasbextieredregions.Each
relabeling vertices in D with the most general ancestor of their occurrence is represented by its id.

original labels, the modified databas&Ds shown inFigure3.1.  p ¢ f (@geurrence of patternGiven a graph G and a pattern P in
Note that the original labels of vertices are kept (shown in {he database subgraph of G is called an occurrence of P in G
parenthesis) to be used in later stages if PAS_GEN_IS@Gs

One may argue thaeplacing node labels with their most general
@ @ ancestor may dramatically increasethe number of graph

isomorphisntests. However, as we emphasizé&xample 1.2for

completenessthe most general pattern always needs to be
consideredor support computatigreven if we do not relabel the
) ] nodes.Hence, this is noén aspecthat iscausedoy relabelingof
Figure 3.1: Graph database D' after relabeling D nodes

This step is not redundant as the associated taxonomy may have e f @axonomy label covered by pattgriPattern Pcovers
multiple roots. When the taxonomy T has multiple roots and the |abela of taxonomy T when there exists an occurrencé, & L,
roots have a common child node, in some cases, a llahaly 1) of pattern P in database D wiH p(v), vi V.

have a sefAncgl) of most general ancestors. In such cases, an
artificial node with a unique labélis introduced as the common
ancestor of nodes iincg]).

Time & Space Complexity of Step 1: This stepprocesss all
graphs in the database once to relabelnth Therefore, time 2 oo o

Example 3.3. In database D of Figure 1.5, the labelf taxonomy
T (Figure 2.} is covered by pattern P1 of Figure 3.2 sinds in
the graph occurrence @3(in Figure 1.5) of P1.

complexity of this step, in the worst case, is O(|RIiFwhere |D| SET A >

is the number of graphs in the database, apg,|@ the size of T 2 " i ‘@”1

the largest graph. Since the original labels are also retained during e, E20) fe2d)

the relabeling process, thepage requirement for extra label R ‘ e -

storage is also O(|D[}&). prlern@g @@L o, C:) (:\‘[22‘_212;@‘223'_11'] EouE(T )
- OIE(T,): X\ . 3 k. S

Stepz' Mlnmg for Pattern Classes p .[Gl..l,CGZ.l, ) P2 E_[le.)l,:sz.l].C[GGzl.éz.é;zz..zz]v

In the second stepextendedgeneralpurpose graph mining is EERRRRRS R e

performed on the relabeled graph databa& The output of this e oo )
step is the most genenaatterns in each pattern class of the final

pattern set.There are several efficient genepalrpose graph
mining approaches, e.g., FJE1], gSpan[22], FFSM [€], etc.
Any of these approaches can be extended for mining patternD e f @ncurrenceindex of pattern, occurrence index entry)
classes on relabeled input graph. In this study, we choose toGiven a pattern RV, E, L, p) and an input database D over
extend gSpan because its defitbt-search style candidate taxonomy T, theoccurrence inde)OI(P) of P is a set S(rof
enumeration requires less memory, and its running time taxonomies such that SfT= { T; | T, is a subtaxonomy of T,
performance is better than or at least comparable to the otheroot(T)=root(T), 1¢ i ¢ [V|, T; contains only those labels of T
alternativeq19]. covered by pattern P}.;Tis called anoccurrence index entry

Remark 3.1. [21] gSpan has time complexity of OkFS + rF) (OlE)'_ and is.as_f,igr)ed to nodg.;l' Vv of pfttern P through a
where k is the number of occurrences of a frequent subgraph in amapPping functiorf: gl V.- S(T), i.e.,f(g) = Ti.

graph in the database, F is the number of frequent subgraphs, S issxample 3.4. In Figure 3.2,each of the patterns P1 and P2 has
the database size, and r is the maximum number of duplicatepne occurrence index, namely, OI(P1) and OI(FR3ch node of
codes (canonical representation scheme of gSpan) of a frequengach pattern is associated with @ecurrenceindex Entry(OIE),
subgraph that grow from other minimum codes which is a subtaxonomy of Forinstancepattern P1 consists of
Our extension involves the creation of(xonomyprojected single directed edge (a, a), and OI(P1), the occurrence index of
occurrence indexOl) for each produced pattern. Given a pattern P1, has two occurrence index entries, namely, OIE(top node of P1
P, all of its occurrences in"® are stored together with the Wwith label a), and OIE(bottom node of P1 with label a).

original labels of the vertices. For efficient enumeration of e f (OIE node label and occurrence seEach node of OIE ;T
|

specialized patterns in the next step, occurrences of P are stored ig (a) labeled with a taxonom
- ; y label, dagovered by P, and (b)
subtaxonomies (subgraphs) of taxonomy T. A subgraph of T is assigned an occurrence set OES( cont ai ni ng t he

created for each node in a pattdeach occurrence is numberied occurrences of P, identified lgyaph#.occurrenceih database D.
the form of graph#. occurrence#)Lastly, the set of occurrences

for the whole pattern is also stored in an orddigtdWe give an Example 3.5. In Figure 3.2,consider the to®IE T, of OI(P1).
example. Eachnodelabédli n T1 is a taxonomy | abel

Example 3.2 Consider the relabeled graph databa8@ib Figure example, labet is covered by P and the occurrence@e$5¢) of

3.1, and let the support threshold be .28 this step, traditional 1S {G2.2} where G2.2 is illustrated in Figure 1.5.

generalpurpose graph mining (i.e., gSpan in this paper) extended Note that, in the above example, occurrence settawonomy

with taxonomyprojected occurrence index creation is appbed labelai n P16s occurrence index is d
database B¥, which results in two patterns, P1 and Bf2own in labelai n P26s occurrence index, mai |
Figure 3.2 together with their occurrence indexes (Ol)

Figure 3.2: Patterns from D™ with their occurrence indexes
projected on a subgraph of T



P1 and P2 are two distinct pattern classes and their occurrences iGivena pattern P, a pattern nodé rP, and the occurrence index
the input database are not identical. node Ol(n) associated with n, in order to minimize the space

. . requirements further, we take two actions: (i) Ol(n) contains only
Space Comjexity for Step 2: In the worst case, for each pattern the labels (and their ancestors) that appear in at least one

node n, the associated occurrence index OI(n). contains as many,.currence of P in the position of reod, and (ii) labels that do
nodes as the number of labels in taxonomy T. Since the traditional . - - - .

graph mining algorithm, gSpan, that we employ in this step not appear in at IgasI]D| distinct gr?phs in D,.where D] is thg
enumerates giterns in deptfirst manner, at any moment in step number of graphs in D, are not considered during the construction
2, there exists only one pattern and its associated occurrence indegf Ol(n).

in the memory. Thus, regardless of the number of patterns in theNext, we show that the extended approach produces the same
final produced pattern set, in the worst case, the space requiremerpattern class counts Witaxonomysuperimposed graph mining.

for occurrence indexes equals tq,Jf0r| where |Rad is the )

number of nodes in the largest pattermfamong all patterns, Lemma 6.Given a graph database D over taxonomy T, and the

and [T| is the number of labels (concepts) in the label taxonomy T.relabeled copy B, and support threshold 0 ¢ e ¢ 1, let C" be

|Prad is bounded by |Gy where Gay is the largest grapm the the set of all pattern classes that have at least one member in the
input database D. Hence, space complexity for occurrence indexe®attermn set H9 discovered by performing a genegairpose
is O(Gas* |T))- graph mining on B9 and let C be the set of distinct pattern

_ _ ) classes that have at least one member in the pattern set H
Given a graph G in the input database D over taxonomy T, and aproduced by applying taxonomsyperimposed graph mining on
pattern P, the maximum number of occurrences of P in G isD. Then, C=C"%

L4 ;
pog i Hence, the size of occurrence set for each taxonomy-l-hus‘the pattern class counts in D anB%Bre the same.

o . ) G . )
label i in an occurrence index B-o05 "5 Since, in the gy 3 Enumerating Specialized Patterns from

worst case there are |T| labels per occurrence index node, anii,attem Classes
there is one occurrence index node per pattern node, the space

. 7| ey G This step has two main goals: (i) enumerate specialized patterns
requirementdr occurrence sets 5| ¢Y®-o o Gs P!’ from pattern classes produced in the previous step, and (ii)

eliminate/prevent ovegeneralized patterns from the final pattern

i e o e ) set. Step (i) together with Lemma 6 guarantees completeness. In
algorithm ist (|0|§Y®B-0 0~ Where [P|is the number of  grder to carry out these two tasks in an efficient manner, we
nodes in the largest pattern, and |T| is the number of labels in theutilize taxonomyprojected occurrence indices.
associated taxonomy.

Lemma 4.The space complexity for the step 2 of the Taxogram

Definition (Occurrene Set of a Pattern)Given a pattern %/, E,

In order to minimize storage requirements, and allow for efficient L, p) which is a member of a pattern class PC with the occurrence
set intersection in the next step, Taxogram implements occurrencendex Ol occurrence set OcS(P) of Rhigintersection of

sets as bit sets where each occurrence id is mapped to an integeccurrence sets corresponding to each node label in OI(P), that is,
value, and if an occurrence set contains a particulammmce id, OcS(P) = sy |11 Ty, Ty =1(g), andl = py(g) wheregil V}.

the corresponding bit is set to 1, and it is set to 0, otherwise. . . I .
Given a pattern P accompanied with its occurrence index Ol, each

Time complexity for step 2: The time complexity for mining nodeg; of the pattern is attempted to be replaced by one of its
pattern classes is bounded by the complexity of traditional patternchildren from the corresponding subtaxonomyiil Ol, where
mining algorithms. More specifically, gSpan has time complexity f(g) = T;. Each replacement leads to a new specialized pattern P
of O(KkFS + rF) (Remark 1). During occurrence index of P. Using the associated occurrence sets of each taxonomy label
construction, for each occurrence @ a pattern P, occurrence in the occurrence index, the support of ¢ B obtained by

sets of pattern node labels in each occurrence index node argomputing the intersection of occurrence set of P with that of the
updated by addinggi of O.. Each update operation per labei an taxonomy label which replaces its parent and leads to creation of
occurrence index node also involves updating the occurrence set®, We give an example.

of ancestor labels of. In the worstcase, average number of
ancestors per label in a taxonomy($&% 1)/ 2. Then, for each
occurrence of POS@S 1)/ 2 updates are performed. Since

Example 3.6. Consider the general pattefl (representing a
pattern class) and its occurrence index Ol which is derived in the
previous step Higure 3.2). Figure 3.3 shows creation of a

the maximum number for a pattern PBsovogfzjs!),the specialized pattern P2 ofiwitRl by r
number of required update operations during theiwence index i t s chi | d F(ah=eT, infOh dhe bacwrence set
construction for a pattern in step 2 iE0s@ss 1)/ 0OcS(P2) of newly created pattern P2 Isained by computing

intersection of the occurrence set for pattern P1 with that of
taxonomy | abel fibo jynhatoscQrB(P2) enc e
Lemma 5.The time complexity for the step 2 of the Taxogram Zzolc}S(P{lc);/lElOCGSz(Tﬁ(b')gh: {611, G?'l'tﬁz'z’ ngfqgl)'l’f
. o m w a et . A} = .1, G2.1}. Then, computing the supp 0
algorithm is § (0 @OsdEe  1)2) Boo Gs Ps ) where N is P2 is counting the distinct graph ids in OcS(P2) (i.e., 2), and
the number of patterns, |P| is the number of nodes ifattyest dividing it by the database size (i.e., 3), which resulsiP2) =
pattern, and |T| is the number of labels in the associated 2/3.
taxonomy.

2Booge

Lemma 7.Given a pattern P, its occurrence index OIl, and
specialized patteri®s of P where Ris created by replacing label



of node ¢ P with one of its child labeld, from the specialized patterns of P that were created in other branches
corresponding Ol node off,; = £(n;), then the occurrence set of ~ during enureration, and have the same support as P. We give an
Ps is OcS(R) = OcS(P) £ OcS(Ti(lg). And, sup(R equals to example.

number of distinct graph ids @cS(R). Example 3.8. Consider the specialized pattern enumeration in

Thus, no database scan or isomorphism test is required during thgi.gure 34. Suppose P4 and P5 have the same support. Since P5

support computation of more specialized patterns due to the use oYV'" not be creatled wher|1 ENS;‘S checkgd beforﬁdtaklng step 4, we
the occurrence indices associated with pattern classeaf(Ry) may erroneously conclude that P4 is a valid pattern as no

equals tosugP), then P is an ovareneralized pattern, and P is  SPecialized patte was derived from P4.

eliminated from the final output set. The creation of more In order to prevent suchhidden overgeneralized patterns
specialized patterns by replacement of a parent with one of itsproduced as a side effect of employing PNSs, occurrence set for
children from the occurrence index is performed on each newly the labels of each node in PNS is inspected to see if the
createdpattern until no specialized node with sufficient support r e pl acement of any pr ofitseckildrend node
can be created. Note, however, this procedure may lead tolabel would lead to a more specialized pattern with the same
duplicate patterns due to different orders of node label support. If no such node exists in PNS, then P is added into the
replacements as shown in the following example. final pattern set.

/\ 1
[ b ® O -
v [GL1, G21] [éz.z] N @ @

................

.............. >
-a[GL1,G2.1,G2.2,G3.1]
L o y n;
X
] ® @c N
[Gl.1, G211, 4  P1 P2
5 G2.2, G3.1] ,”
............... L1 oegpy={e11 G2, Oc(P) ={ GL.1, G2.1}
Occurrence Index for pattern G2.2, G3.1
class that contains P1 and P2 Support=1 Support = 2/3
Figure 3.3 Support computation for specialized patterns
Example 3.7. Consider the pattern P1 and its occurrence index Figure 3.4 Creation of Duplicatesduring Pattern

OI(P1) Figure3.3). Figure3.4 shows a sample specialized pattern Enumeration

derivation procedureFor the sake of simplicity, we ignore Since the Taxogram algorithm initiates the creatif a new
supportthreshold considerations this example(pleaseignore pattern Pfrom P through the replacement of any node label with
the sets associated witnsbol i P N ®0this example)In the any of its children, and compares the support;@gainst that of

first step, label of nodeynis replaced by its child label b to create  p, it is guaranteed that it will detect any possible case where
pattern P2. Then, in the second step label of nedereplaced by  sugP) = sug(P), and mark such patterns as egeneralized. If P
its chicd,d whibeh results in pajfstoReigénerdlid, théhdheré Mustbe h nglig® With latielP
more specialized patterns as taxonomy lafieb@r  do@sBOt  sych that replacingwith a child label,, of | should lead to a new
havea child in the occurrence index for this set of patterns. And, pattern Rwith the same support as P. Then there are two possible
assumeP2 also cannot be turned into other more specialized cages: (i) If gi PNS, then Taxogram will create a more
patterns. Next, we turn back to P1. In step 3, label of ngde n  gpecialized patterng®f P by replacing with I, for nodeg; and P
P1is replaced with its child labgl cto create pattern P4. Anth will be marked as ovegeneralized as illustrated in (i) If

step 4, label of node,in P4 is replaced with its child labglbto gl PNS, then a followup procedure (described above) attempts to
create pattern P5 which is the same asMiBough P2 and P4 are o506 [abel of each node in PNS with their children labels, and
different patterns, their specialization leads to the same pattern. computes support values after each replacement to see if the new

In order to eliminate such duplicates, at each enumeration branchsupport value will be the same as that of P, in whided? is
ids of pattern nodes whose labels have been replaced with one ofmarked as ovegeneralized. Thus, we have

their children labels are kept in a set calfdcessechodes set .

(PNS)(seeFigure 3.4 as an example where step 4 will not take Lfmmﬁrﬁrhemm;ﬂ lp?r:tetrhn seth ptr[? dtuc:d b,){t tir:]e ';axograrm
place when PNS is employed as nodesnalready included in algo i ds it a € sense tha contains no ove
PNS before step 4). Furthermore, within a single occurrence J€Neraiized patterns.

index, taxonomy labels may share a chilue to that DAG In addition, by Lemma, all possible pattern classes are included
structure. In order to make sure that only onendfgarents in HO which is the pattern set
utilizes n for a new specialized patterneation, visited vertex  algorithm. Moreover, due to the relabeling of each node with its

labels within an occurrence index are also marked. most general ancestor, each patteé

Employing PNS eliminates duplicates, but may lead to erroneousthe most genetanember of the class. Hence, all the other patterns
inclusion of some ovegeneralized patterns in the final pattern can be obtained from the most general member of each class by

set. Such cases may occur if PNS is not empty wheitterp P is performing node replacements with the descendants of the label

first created from a more generalized pattern (e.g., Pigare assug_ned to e'ach corresponding pattern node. In order for the

3.4), since the enumeration procedure stops before creating all@lgorithmtomis a pattern P, at least on
possible specialized patterns of P, and there may be morgabel in a most general pattern should be left out from



